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The three-dimensional boundary layer due to a disk rotating in otherwise still fluid

is well known for its sudden transition from a laminar to a turbulent regime, the

location of which closely coincides with the onset of local absolute instability. The

present experimental investigation focuses on the region around transition and anal-

yses in detail the features that lead from the unperturbed boundary layer to a fully

turbulent flow. Mean velocity profiles and high-resolution spectra are obtained by

constant-temperature hot-wire anemometry. By carefully analysing these measure-

ments, regions in the flow are identified that correspond to linear, weakly nonlinear,

or turbulent dynamics. The frequency that dominates the flow prior to transition

is explained in terms of spatial growth rates, derived from the exact linear disper-

sion relation. In the weakly nonlinear region, up to six clearly identifiable harmonic

peaks are found. High-resolution spectra reveal the existence of discrete frequency

components that are deemed to correspond to fluctuations stationary with respect

to the disk surface. These discrete components are only found in the weakly non-

linear region. By systematically acquiring low- and high-resolution spectra over a

range of narrowly spaced radial and axial positions, it is shown that while the tran-

sition from laminar to turbulent regimes occurs sharply at some distance from the

disk surface, a complex weakly nonlinear region of considerable radial extent con-

tinues to prevail close to the disk surface. C© 2013 American Institute of Physics.

[http://dx.doi.org/10.1063/1.4798435]

I. INTRODUCTION

Three-dimensional boundary layers are characterized by a rapid variation of all three velocity

components in the neighbourhood of a solid surface. This happens whenever a body is rotating with

respect to the surrounding fluid or if a flow impacts an obstacle obliquely. Practical configurations

include the flow around compressor blades, aircraft wings, ship hulls, or wind turbines. All these

configurations are prone to strong instabilities that rapidly lead to turbulence. The objective of the

present investigation is to carry out detailed measurements of the dynamics of such a flow in order

to shed new light on the mechanisms governing the complex transition scenario that leads from a

laminar to a turbulent state.

Within the class of three-dimensional boundary layers, the flow with the simplest geometry is

probably that due to a large disk rotating in otherwise still fluid: von Kármán1 obtained the basic flow

as an exact similarity solution of the Navier–Stokes equations. This basic-flow solution, illustrated
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FIG. 1. Basic flow over rotating disk.

in Figure 1, displays a constant boundary layer thickness proportional to

δ =

√

ν

�
, (1)

where ν is the kinematic viscosity and � the disk rotation rate. Note that the azimuthal velocity

drops to about 1% of the disk velocity at a distance 5δ from the disk surface. Throughout this study,

the axial coordinate Z and radial coordinate R are non-dimensionalized by δ. The radial, azimuthal,

and axial basic flow velocity components, non-dimensionalized by �δ, are

Ur = RU (Z ) and Uθ = RV (Z ) and Uz = W (Z ), (2)

where U(Z), V (Z ), and W (Z ) are the von Kármán similarity profiles.

When unstable, this boundary layer develops cross-flow vortices, as observed experimentally

by Gregory et al.2 Transition from laminar to turbulent regimes occurs at a non-dimensional radius

in the range 500–550.2–7 Lingwood8 has found that this boundary layer undergoes transition from

convective to absolute instability at a critical radius Rca = 507 that closely corresponds to the

position of experimentally observed transition to turbulence. However, it has been shown by Davies

and Carpenter9 that, within a strictly linear framework, this flow is globally stable despite the presence

of an extended region of local absolute instability. Subsequently, a fully nonlinear analysis10 led to a

consistent theory able to account for the onset of self-sustained finite-amplitude fluctuations beyond

Rca. While all the previous theoretical analyses assume a rotating disk of infinite extent, Healey11

has recently been able to take into account the effect of the outer edge of the disk, study its influence

on the global instability, and provide a possible explanation for the scatter in transition locations

reported by different experimental studies.

Despite numerous investigations, it appears that the precise mechanism leading from laminar

to turbulent states is not yet fully understood. The present experimental investigation has been

undertaken to precisely map out the near transition region by determining how mean-flow deviations

from the von Kármán solution and the spectral content of the fluctuations vary with radial and axial

positions, with special attention to the near-disk region. A similar aim, but with a different approach,

has been independently pursued by Imayama et al.12 The present paper is based on Ref. 13 and a

preliminary account of our findings was given in Ref. 14.

The structure of the manuscript is the following. The experimental arrangement is described

in Sec. II. Then we describe our experimental observations of mean velocity profiles (Sec. III A),

low-resolution spectra (Sec. III B 1), and high-resolution spectra (Sec. III B 2). These results are

discussed in detail in Sec. IV.
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FIG. 2. Experimental setup. (Left) 50 cm diameter glass disk that may be rotated up to 1500 rpm. (Right) Hot-wire probe

positioned parallel to the disk surface and aligned in the radial direction, positioned by a high-precision two-axes mechanism.

II. EXPERIMENTAL ARRANGEMENT

The rotating-disk facility designed for the present investigation (Figure 2) consists of a glass

disk of 500 mm in diameter that is rotated at constant angular velocity �, up to 1500 rpm. Details

of the experimental arrangement are given in Ref. 13. The disk surface was measured by a linear

variable differential transducer (LVDT) and its position adjusted so as to achieve best alignment with

a plane normal to the rotation axis. The disk roughness, characterized by the arithmetic average of

absolute surface values, was measured as 1.6 µm. A high-precision two-axes traversing mechanism

was used for positioning of a hot-wire probe, with radial and axial precisions of 20 µm and 2 µm,

respectively.

For the local velocity measurements, constant-temperature hot-wire anemometry is used, being

particularly suitable for the measurement of flows with very fast fluctuations at a fixed point in

space. A single Dantec hot wire of type 55P01 is used, consisting of a 5 µm diameter and 3 mm

wide platinum-plated tungsten wire with a 1.25 mm flow sensitive length at its center. The hot wire

is positioned parallel to the disk surface and aligned in the radial direction so as to measure the

azimuthal flow component. The traversing mechanism and velocity measurements are controlled

and recorded by a dedicated computer.

The hot wire must be calibrated using known flow velocities. Rather than using a separate wind

tunnel, which would require frequent removal of the probe from its support, we always calibrated

the hot-wire probe against the laminar boundary-layer profile, given by the von Kármán solution.

Knowing the disk rotation rate, the distance of the hot wire from the disk surface and from the disk

axis, the boundary-layer velocity at the hot-wire position can be calculated. The hot wire is then

calibrated by measuring the mean output voltage from the anemometer for a range of flow speeds.

In this calibration process, the disk rotation rate and position of the probe are chosen to remain

well within the laminar region. A fourth-order polynomial was used to fit the velocity-voltage data

pairs, and this polynomial subsequently used to convert measured instantaneous voltages to flow

velocities. Keeping in mind that the hot-wire anemometry has a sensitive temperature dependence,

this calibration was repeated before each measurement. Data acquisition is performed by moving the

hot wire in the radial and axial directions for a constant disk speed. This process is then repeated for

different values of the disk speed, and, after non-dimensionalization, the data acquired at different

rotation rates collapse to the same values. See Ref. 13 for details of the experimental procedure.

III. RESULTS

A. Mean velocity profiles

The main focus of this paper is the spectral analysis of velocity time-series. However, the

measured mean velocity profiles are briefly presented first for completeness and validation of the

setup.

Mean azimuthal velocity components are shown in Figure 3 over the range 350 ≤ R ≤ 600. In

these plots, velocities are normalized by the velocity of the disk surface at the corresponding radial

position.
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FIG. 3. Azimuthal mean-flow velocity profiles for non-dimensional radii in the range 350 ≤ R ≤ 650, along with the

analytical profile (solid line); insets show magnified view of region from Z = 1 to Z = 4. (a) Measured profiles closely follow

the analytical curve for R ≤ 480. (b) Small deviations of the measured profile from the analytical curve are observed for

2 ≤ Z ≤ 3 and 490 ≤ R ≤ 540. (c) For R ≥ 550, strong mean-flow corrections, extending beyond Z = 15 by R = 650,

characterize a transitional and fully turbulent boundary layer.

At low values of R, the measured profiles very closely follow the von Kármán similarity profile,

see Figure 3(a).

For 490 ≤ R ≤ 540, small but significant differences between the measured profiles and the

analytical profile are observed. Figure 3(b) shows that these mean flow corrections are confined to a

narrow region of the boundary layer (2 ≤ Z ≤ 3) and their amplitude is less than 5% of the maximum

velocity in this range. In the convectively unstable range, 284 < R < 507, they can be interpreted

as reflecting the radial growth of instabilities (cross-flow vortex modes) in the boundary layer. The

confinement in Z is consistent with the structure of the unstable-mode eigenfunctions, as computed,

e.g., in Ref. 10.

For R ≥ 550, stronger mean-flow distortions are observed, which progressively extend beyond

Z = 15, see Figure 3(c). Such boundary-layer thickening is the characteristic of the development

of turbulent boundary layers. This behaviour of the mean-flow profiles corresponds exactly to what

has been obtained in previous studies6, 7 and is thus deemed a sufficient validation of the present

experimental setup.

B. Spectral analysis

Frequency contents of disturbances in the boundary-layer are investigated by calculating Fourier

power spectra from azimuthal-velocity time series at different non-dimensional radii R and disk

normal positions Z.

For most of the previously published experimental results, power spectra have a low frequency

resolution, of the order of �ω = 1, non-dimensionalized by the disk rotation rate. In order to obtain

high-resolution spectra, the velocity signals were recorded over long time intervals, typically a few

thousand revolutions of the disk.

In post-processing, the power spectra are obtained by Fourier analyses of these signals. The

procedure is the following. The signal is split into n series covering m disk revolutions each. Each of

the n series is Fourier analysed and the squared moduli of the complex Fourier amplitudes are then

averaged over the n spectra. By varying m, spectra of different frequency resolutions are obtained.

Typical “low-resolution” spectra are obtained with m = 1, while spectra obtained with m = 100 or m

= 1000 are referred to as high-resolution spectra, with resolution �ω = 0.01 or 0.001, respectively.

Thus, spectra with different resolutions can be obtained from the same data, shedding new light on

the frequency content of the fluctuations developing in the rotating-disk boundary layer.
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1. Low-resolution spectra

Low-resolution power spectra are shown in Figure 4. At low values of R, these mainly consist of

uniform background noise. Starting at R = 450, a peak with a maximum near ω = 30 emerges. This

is an indication of the development of growing cross-flow modes with a characteristic frequency

around 30, but these modes as yet cause no significant distortion of the mean flow: as shown in

Sec. III A, for R ≤ 480, the measured mean-flow profiles closely follow the von Kármán solution.

At higher R, power spectra show the progressive growth and development of the disturbance. A

second-harmonic peak appears for R = 490 (Figure 4(b)), indicating effects of nonlinear interactions.

At even larger values of R, higher harmonics of the fundamental peak arise near ω = 60, 90, 120,

150, and 180. Note that the harmonics first appear at different values of R depending on the distance

Z from the disk surface. This will be further discussed in Sec. IV.

At and above R = 520, Figures 4(e)–4(h) show the progressive increase of a broadband spectral

component, followed by the disappearance of the modal peaks. This corresponds to transition to

turbulence. By R = 600 (Figure 4(h)), there are no longer any clear peaks associated with the modes

and the flow is fully turbulent throughout the boundary layer.
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FIG. 4. Low-resolution spectra for (a) R = 450, (b) R = 490, (c) R = 500, (d) R = 510, (e) R = 520, (f) R = 530, (g) R = 550,

and (h) R = 600. Spectral amplitudes are plotted on a logarithmic scale for disk normal positions Z = 1, 1.5, 2, 3, and 4.
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FIG. 5. High-resolution spectra corresponding to R = 400, 450, ..., 650 and (a) Z = 0.8, (b) Z = 1.5, (c) Z = 3.0, and

(d) Z = 6.0.

From these low-resolution spectra, three distinct flow regimes can be identified: a linear regime

where the boundary layer only displays small-amplitude perturbations associated with at most a

single peak in the spectrum; a weakly nonlinear regime characterized by a dominant frequency and

its harmonics due to nonlinear interactions; and a fully turbulent regime where the harmonic peaks

have been superseded by a continuous spectrum.

In terms of mean velocities, these three regimes broadly correspond to no, weak, and strong

mean-flow deviations from the similarity profile, as shown in Sec. III A. A complete characterization

of the different regions of the rotating-disk boundary layer will be discussed in Sec. IV.

2. High-resolution spectra

As described earlier, high-resolution spectra are derived by Fourier analyzing the velocity time-

series recorded over long temporal intervals. Plots shown in Figure 5 have a frequency resolution of

�ω = 0.01 and are obtained by averaging 50 spectra computed over 100 disk revolutions. Spectra

obtained with a frequency resolution of �ω = 0.001 look very similar and are not shown here. Overall,

the high-resolution spectra display similar characteristics to their low-resolution counterparts, but

a distinctive feature is the existence of discrete peaks at integer multiples of the disk rotation rate.

These peaks are smoothed out in the low-resolution spectra. The discrete peaks are more clearly

visible in the close-up views shown in Figure 6. The radial evolution of high-resolution spectra in

the range 450 ≤ R ≤ 650 for Z = 1 and Z = 6 is illustrated in Figure 7 for 20 < ω < 40.

These measurements show that the velocity spectra are made up of both a continuous and a

discrete part. The discrete part corresponds to flow components that have exactly the same periodicity

as the disk.

It is observed that both the discrete and continuous parts of the spectrum grow with R. However,

the discrete component is the dominant feature only in the “weakly nonlinear” regime, while it is

hardly developed in both the laminar and in the turbulent regions. Also, it is more prominent for the

most amplified frequency, around ω ≃ 30, and its harmonics.

At R = 350, the spectrum is essentially background noise and the discrete component appears

to be irrelevant. For, say, 450 < R < 510, the discrete part grows to form a peak around ω ≃ 30. This

growth continues up to R = 530, but involves a wider band of frequencies and then saturates. From

R = 530 on, the continuous part grows as the boundary layer approaches the turbulent regime. By

R = 650, the spectrum corresponds to a fully turbulent flow without any visible discrete component.
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FIG. 6. Closeup view for 20 < ω < 40 of high-resolution spectra corresponding to R = 400, 450, . . . , 650 and (a) Z = 0.8,

(b) Z = 1.5, (c) Z = 3.0, and (d) Z = 6.0.

IV. DISCUSSION

In the present experimental investigation of a rotating-disk flow, hot-wire velocity measurements

have been carried out to characterize the dynamics of this boundary layer with special emphasis on

the near transition region.

As expected, mean velocity profiles follow the self-similar von Kármán solution at low radii,

small but significant mean-flow deviations from the similarity profile are obtained for 490 ≤ R ≤ 540

and 2 ≤ Z ≤ 3, and fully turbulent profiles prevail for R ≥ 550, characterized by strong mean-flow

corrections extending beyond Z = 15.

Spectral analyses of velocity-series yield the frequency content of the perturbations that develop

in the different regions of the boundary layer. Low-resolution spectra show that the first perturbations

to develop with increasing R exhibit characteristic frequencies near ω = 30. This corresponds

to the largest spatial growth rate for perturbations that are stationary with respect to the disk.

Figure 8 shows the spatial growth rate −αi as function of frequency ω and azimuthal mode number β,

derived from the local linear dispersion relation ω = �(α, β; R). This dispersion relation is obtained

by considering perturbations of the form exp i(αr + βθ − ωt) and numerically implementing a

complete stability analysis based on the linearized Navier–Stokes equations, as in Ref. 10. The

plot in Figure 8, shows that at R = 500 the largest spatial growth rate −αi ≃ 0.1 is obtained for

(ω, β) ≃ (47, 62). However, perturbations with ω �= β are traveling with respect to the disk surface.

Considering that fluctations measured in the convectively unstable range 280 < R < 510 are mainly
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FIG. 7. Radial evolution of high-resolution power spectra in the range 20 ≤ ω ≤ 40, for 450 ≤ R ≤ 650 and Z = 1 (upper

curves) and Z = 6 (lower curves).
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FIG. 8. Isolines of spatial growth rates −αi at R = 500, derived from the exact local linear dispersion relation ω = �(α, β;

R), in the ω–β (frequency—azimuthal mode number) plane.

due to imperfections and roughness of the disk surface and are therefore stationary with respect to

the disk, they correspond to the line ω = β in Figure 8. For these waves rotating at the same rate

as the disk, maximum spatial growth is attained with ω = β = 32 (at R = 500), indicated by a big

dot in Figure 8. It is also found that this maximally amplified frequency hardly depends on R in the

convectively unstable region. Thus, by carrying out a systematic computation of the spatio-temporal

dispersion relation based on the linearized Navier–Stokes equations, we confirm the origin of the

fundamental harmonic peak observed in the spectra from onset of linear instability to transition to

turbulence.

With increasing radial distance, the flow enters a weakly nonlinear regime, characterized by a

harmonic spectrum made up of the dominant fundamental frequency and its harmonics. Eventually,

the boundary layer enters a fully turbulent state associated with the disappearance of the modal peaks,

replaced by a broad continuous spectrum. The detailed characteristics of these spectra, such as the

number of harmonic peaks that may be identified or the occurrence of a broad spectrum, depend

both on the radial and the axial locations of the measurement. Counting of the harmonic peaks can

be performed automatically by a post-processing script: for each of the low-resolution spectra (cf.

Figure 4), the script first extracts the maxima located approximately at multiples of the fundamental

frequency and then retains those that are separated by a sufficiently deep minimum. A detailed map of

the flow structures is given in Figure 9(a). Measurements have been systematically carried out for R

= 350, 360, ..., 650 and Z = 0.8, 1.0, 1.5, 2.0, 3.0, 4.0, and 6.0. For each of these locations, the symbol

in Figure 9(a) depicts the type of spectrum that is obtained: the number of circles corresponds to the

number of harmonic peaks that could be identified and a grey background indicates the presence of a

broadband component. A single circle on white background thus corresponds to a laminar boundary

layer that is at most linearly perturbed. The weakly nonlinear region corresponds to at least two

identifiable broad harmonic peaks and thus starts with the double-circle symbols. With increasing

radial distance, higher-order harmonics develop; up to six clearly identifiable harmonic peaks have

been found at Z = 3 and 510 ≤ R ≤ 520. Then, a broadband component appears near R = 530

(symbols with grey background) that progressively replaces the harmonic spectrum. Eventually a

fully turbulent regime is reached with no identifiable harmonic peaks in the spectrum. From this

map one sees that the transition from laminar to turbulent flow is relatively sharp far from the disk

surface (say Z > 5), while a nonlinear region of considerable extent is observed in the near-disk

region. This nonlinear region can be considered to start as early as R ≃ 450 and to survive up to

R ≃ 570, well beyond a single transition location near R ≃ 530.

Velocity spectra with high frequency resolution have been obtained from velocity signals

recorded over long time-periods. These high-resolution spectra reveal the existence of narrow peaks

located at integer values of the frequency. Since these discrete peaks appear every integer multiple

of disk rotation rate, they are associated with the flow components that have the same periodicity

as the disk and that are probably stationary with respect to the disk surface. It should be noted that

these discrete peaks are not an experimental artifact, for otherwise they would also be present at

low and high values of R. In order to map out the regions where this discrete part of the spectrum is
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FIG. 9. (a) Detailed map of the local boundary-layer features, based on the low-resolution spectra recorded at R = 400,

410, . . . , 650 and Z = 0.8, 1, 1.5, 2, 3, 4, and 6. The symbols depict the type of spectrum that prevails at a given location:

the number of circles corresponds to the number of harmonic peaks that could be identified and a grey background indicates

the presence of a broadband component. (b) Contour plot measuring the importance of the discrete component in the

high-resolution velocity spectra. The measure is based on the mean ratio between the integer-frequency maxima and the

semi-integer-frequency minima of the high-resolution spectra.

important, another post-processing script has been developed: for each of the high-resolution spectra,

the script extracts the maxima located at integer frequencies and the minima located at half-integer

frequencies, and then computes the average separation of these alternating extrema, on a logarithmic

scale. The result represents a measure of the amplitude of the discrete spectral component and is

shown as a contour plot with equispaced iso-levels in the (R, Z)-plane in Figure 9(b). Comparing

Figures 9(a) and 9(b) clearly demonstrates that the presence of this discrete component coincides

with the existence of a weakly nonlinear regime. Moreover, the discrete component has maximal

strength around R = 520 and Z = 3, which is also where the largest number of harmonic peaks have

been identified. It should also be observed that this radial position nearly coincides with the onset

of local absolute instability at R = 507. To our knowledge, despite much previous research on the

rotating-disk boundary-layer flow, the only previous discussion of the discrete part of the velocity

spectra is to be found in Refs. 13 and 14, though it is visible in the results of Ref. 15. One reason for

the poor documentation of this feature may be the fact that it is only observable using high-resolution

spectra and thus requires measurement of velocity time-series over long time periods.

Traditionally, the rotating-disk boundary layer is considered as an example of a flow exhibiting

a transition from the laminar to the turbulent regime much shorter than the case for other boundary

layers, such as the flat plate boundary layer. However, measurements close to the disk surface indicate

that an intermediate nonlinear regime is present over a considerable range of R. In a recent study,

Imayama et al.12 have characterized the evolution of the boundary layer by measuring the probability

density function of the fluctuating azimuthal disturbance velocity. In the present investigation, by

systematically acquiring low- and high-resolution spectra over a range of narrowly spaced radial and
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axial positions, further light is shed on the detailed structure of the complex transition region close

to the disk surface.
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